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Abstract. We study a system of pseudodifferential equations that is elliptic in the sense 
of Petrovskii on a closed compact smooth manifold. We prove that the operator generated 
by the system is Fredholm one on a refined two-sided scale of the functional Hilbert spaces. 
Elements of this scale are the special isotropic spaces of Hormander-Volevich-Paneah. 

1. Introduction 

In this article we consider an elliptic in Petrovskii's sense system of linear pseudodifferential 
equations on a closed smooth manifold. It is well known (see e.g. [1, 2]) that the operator 
A corresponding to this system is bounded and Fredholm in appropriate pairs of the Sobolev 
spaces. We investigate this operator in the Hilbert scale of the special isotropic Hormander 
Volevich- Paneah spaces [3-6] 

#.* :=jff <•>■*<•» (fl:=(l + fc| a ) 1/2 . (1) 

Here, s 6 1 and ip is a functional parameter slowly varying at +oo in Karamata's sense. In 
particular, every standard function 

tp(t) = (logt) ri (loglogt) r2 ...(log...logt) r ™, {n,r 2 ,...,r n } cR, n G N, 

is admissible. This scale was introduced and investigated by the authors in [7, 8]. It contains 
Sobolev's scale {H s } = {II s ' 1 } and is attached to it by the number parameter s and being 
considerably finer. 

Spaces of form (1) arise naturally in different spectral problems: convergence of spectral 
expansions of self-adjoint elliptic operators almost everywhere, in the norm of the spaces 
L p with p > 2 or C (see survey [9]); spectral asymptotics of general self-adjoint elliptic 
operators in a bounded domain, the Weyl formula, a sharp estimate of the remainder in it 
(see [10, 11]) and others. They may be expected to be useful in other "fine" questions. Due 
to their interpolation properties, the spaces H s,ip occupy a special position among the spaces 
of a generalized smoothness which are actively investigated and used today (see survey [12], 
recent articles [13, 14] and the bibliography given there). 

The main result of this article is the theorem on boundedness and the Fredholm property 
of the operator A in scale (1). The refined local smoothness of a solution of the elliptic system 
is obtained as a significant application. Also some auxiliary results which may be of interest 
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by themselves are given. The case of scalar differential operators was investigated earlier in 
[8, 15-18]. 

2. The statement of the problem 

Let T be a closed (compact and without a boundary) infinitely smooth manifold of dimen- 
sion n > 1. We suppose that a certain C°°-density dx is defined on T. By V'(Y) we denote 
the linear topological space of all distributions on T, that is V'{T) is a space antidual to the 
space C°°(r) with respect to the extension of the scalar product in L 2 (r,<ia;) by continuity. 
This extension is denoted by (f,w)r for / G V(T), w G C°°(T). 

We consider a system of linear equations 

p 

A jtk u k = fj on T, j = l,...,p. (2) 

k=l 

Here, peN and A,*., j, k = 1, . . . ,p, are scalar classical (polyhomogeneous) pseudodifferential 
operators of arbitrary real orders defined on the manifold T (see e.g. [2, Sec. 2.1]). A complete 
symbol of the pseudodifferential operator A^ k is an infinitely smooth complex- valued function 
on the cotangent bundle T*T. A principal symbol of A^ k which is positively homogeneous 
of order ord A,^ in every section T*T \ {0}, x G V and, moreover, is not identically equal 
to zero, is also defined. We consider equations (2) in the sense of the distribution theory, so 
Uk, fj G V'(T). We put for every index k = 1, . . . ,p 

m k : = max{ord A,fc, . . . ,ordA Pjk } . 

Let us assume system (2) to be elliptic in Petrovskii's sense , that is 

det ( afl(x, Y _ ^0 for each x G T, £ G T*Y \ {0}. 

\ / j,k=l 

Here a^l(x,^) is the principal symbol of the pseudodifferential operator A^ k in the case 
ord A,- ifc = m k , or af?l(x,£) = in the case ordA,-^ < m k . 

Let us rewrite system (2) in the matrix form: Au = f on T, where A :— ( Aj tk ) is a square 
matrix of order p, and u — col (u±, . . . , u p ), f = col (/i, ... , f p ) are functional columns. The 
mapping u h- > Au is a linear continuous operator in the space (V'(T)Y . 

3. A REFINED SCALE OF SPACES 

We denote by M. the set of all Borel measurable functions ip : [l,+oo) — > (0, +oo) such 
that the functions ip and 1/ip are bounded on every closed interval [1, b], where 1 < b < +oo, 
and the function (p is slowly varying at +oo in Karamata's sense, that is 

lim ip(Xt)/<p(t) — 1 for each A > 0. 

t—* +oo 

Let s G M, <p G M.. We denote by H s ' v (W n ') the set of all tempered distributions u such 
that the Fourier transform u of the distribution u is a function locally Lebesgue integrable in 
W 1 which satisfies the condition 

/<0 2 V((0)HOI 2 ^<°°- 
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Here the integral is evaluated over R n , and (f) := + + . . . + ^) 1/2 . In the space H s ^(R n ) 
we define the inner product 



The space ff s,¥, (R n ) is a special isotropic Hilbert case of the spaces introduced by L. 
Hormander [3, Sec. 2.2], [4, Sec. 10.1] and L. R. Volevich, B. P. Paneah [5, Sec. 2], [6, 
Sec. 1.4.2]. In the simplest case where tp(-) = 1 the space H s,ip (R n ) coincides with the 
Sobolev space. It follows from the inclusions 

|J// s+£ (R n ) =: H s+ (R n ) C ff s '^(R n ) C ff s ~(R n ) := f] H s ' £ (R n ) 

e>0 £>0 

that in the collection of spaces 

{ff s ^(R n ) : s G R, if G X } (3) 

the functional parameter 93 defines an additional (subpower) smoothness with respect to the 
basic (power) s-smoothness. Otherwise speaking, ip refines the power smoothness. 

The refined scale over the manifold T is constructed from scale (3) in the usual way. Let 
us take a finite atlas from the C°°-structure on T consisting of the local charts aj : R n <-> Uj, 
j — 1, . . . , r. Here the open sets Uj form the finite covering of the manifold T. Let functions 
Xj G C°°(r), j — 1, . . . , r, form a partition of unity on T satisfying the condition supp Xj C Uj. 

Let us set 

H S ^(T) := {h G X>'(r) : (xjh) o ^ G ff s ' v (R ra ) for every j = 1, . . . , r} . 

Here (xjh) o aj is the representation of the distribution Xjh m the local chart aj. The inner 
product in the space ff s,v, (r) is defined by the formula 

r 

J'=l 

and induces the norm ||/i|| SjV , := (h^ti) 1 ^. 

The Hilbert space H S ' V (T) is separable, continuously imbedded into the space T>'(T), and 
independent (up to equivalent norms) of the choice of the atlas and the partition of unity. 
The collection of function spaces 

{ff s '^(r) : s G R, <p G M} (4) 

is naturally called the refined scale over the manifold T. 

This scale admits an alternative intrinsic description. Let the Riemannian structure on the 
manifold T which defines the density dx be given (it is always possible), and let Ar be the 
Beltrami-Laplace operator on T . For s G R and (p G /A, we define the function 

cp s (t) ■= t s/2 ip(t 1/2 ) for t > 1 and ip s (t) := <p(l) for < t < 1. 

We consider the operator (p s (l — A r ) in the space L 2 (T,dx) as a Borel function of the self- 
adjoint operator 1 — A r . 



4 VLADIMIR A. MIKHAILETS, ALEXANDR A. MURACH 

Proposition 1. For arbitrary s G M., <p G M., the space H s,tf (T) coincides with the completion 
of the set of functions u G C°°(T) with respect to the norm ||</? s (l — A r ) u\\L 2 (r,dx) which is 
equivalent to the norm \\u\\ s ^. 

The following refinement of the classical Sobolev theorem characterizes separating possi- 
bilities of scale (4). 

Proposition 2. Let a function tp G M. and an integer p > be given. The inequality 

f +CO dt /r \ 

Ji t<p*(t) 1 ; 

is equivalent to the continuous imbedding H p+n 1 2 ' V (T) <^-> C p (r). T/ze continuity of this imbed- 
ding implies its compactness. 

4. The basic results 

We denote by A + a matrix pseudodifferential operator formally adjoint to A with respect 
to the form (•, -)r- We set 

N := {u G (C°°(r)) P : Au = on T} and N + := {v G ( C°°(r)) P : A + v = on T } . 

The ellipticity of system (2) implies that the spaces iV and N + are finite-dimensional [2, c. 
52]. 

Theorem 1. For each s eR, (p <E M. the linear bounded operator 

v 

A : Y[ H s+mk ^{V) -> (H s ' v (r)) p (6) 

k=l 

is defined. It is a Fredholm one, has the kernel N and the range 

v 

f G (H S ^(T)) P : Uji w j)r = for each (w u . . . , w p ) G N + 

3=1 

The index of the operator (6) is equal to dimiV — dimiV + and is independent of s, (p. 

According to this theorem, N + is the defect subspace of operator (6). Let's note [19], [2, 
p. 32] that in the scalar case (p = 1) the index of operator (6) is equal to if dimT > 2. 
Another sufficient condition for this property is the ellipticity of system with a parameter on 
a certain ray K := {A G C : arg A = const} [2]. 

Theorem 2. For arbitrarily chosen parameters s G R, <p G M. and a > 0, the following 
a priori estimate holds: 



^ II Uk IL+m fc ,<^ — ° ( ^ ^ II fa \\s,ip ~^ ^ s 
k=l \ j=l k=l 

Here the number c> is independent of vector-functions u, f = Au. 
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If the spaces N and N + are trivial, then operator (6) is a topological isomorphism. Gener- 
ally, it is convenient to define the isomorphism with the help of two projectors. Let's consider 
the spaces in which operator (6) acts. Let us decompose them in the following direct sums of 
the closed subspaces: 

p ( p 

J] H s+m ^{T) = N + lu : K v k)r = for each (v u . . . , v p ) G N 

k=l I k=l 

(H S ^(T)) P = N + + A( (H S ^(T)) P ) . 

We denote by P and P + respectively the oblique projectors of these spaces onto the second 
terms in the sums. The projectors are independent of s, <p. 

Theorem 3. For arbitrary s£R, ip e M., the restriction of operator (6) onto the subspace 
P ( Ilfc=i H s+nik,ip {Y) ) establishes the topological isomorphism 




P + {(H S ^{V)) P ). 



5. An APPLICATION 

Let T be an open nonempty subset of the manifold T. Denote 

H^(T ) := {/ G V'(T) : x f e H S ^(T) for each X G C°°(T), supp X C T } . 

Theorem 4. Suppose that a vector-function u G (V'{T)) P is a solution of the equation Au = f 
on the set T , where f G (if^(r )) P for some parameters s G R and (p G M.. Then 

This theorem specifies, with regard to refined scale (4), known propositions on local lifting 
of interior smoothness of an elliptic system solution in the Sobolev scale (see e.g. [20, 3, 21]). 
Note that the refined local smoothness ip of the right-hand side of the elliptic system is 
inherited by its solution. Theorem 4 and Proposition 1 imply the following sufficient condition 
for a chosen component Uk of the solution of system (2) to have continuous derivatives of a 
prescribed order. 

Corollary 1. Suppose that vector-functions u, f G (V'(T)Y satisfy the equation Au = f on 
Tq. Let integers p > 0, k — 1, . . . ,p, and a function p G M. be such that inequality (5) is 
true. Then 

( fj G <r fc+n/ ^(r ) for every j = l,...,p) =► u k G C'(r ). 
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